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Abstract

In this paper we analyze an infinite periodic planar array of multiple-layer spheres where each con-
centric layer is made of different electric and/or magnetic materials. Each sphere can have up to three
concentric layers to facilitate the optimization of metamaterial structure with respect to performance
and ease of fabrication processes. The structure is analyzed by modifying the method developed
in [1] for homogeneous magnetodielectric spheres. Numerical results for the effective constitutive
parameters of representative examples are given.

1. Introduction

Metamaterials composed of homogeneous magnetodielectric spheres have attracted much attention be-
cause of their almost isotropic and low-loss properties, which make them candidates for many applica-
tions, e.g., lenses of sub-wavelength resolution [2,3]. Although the loss of these metamaterials is low
relative to alternative designs, such as the SRR-wire element, it is not low enough for most practical
applications. In addition, these materials, which require spheres with high permeabilities and permittivi-
ties, are difficult to realize. For this reason, in [4] and later in [5], the authors proposed a more practical
approach where the unit cell consists of two dielectric spheres with different radii and/or permittivities
chosen so that the electric resonance of one sphere coincides with the magnetic resonance of the other
sphere. This has the advantage of employing only dielectric materials which are inherently of low loss,
but suffers from structural and fabrication complexity. To mitigate these weaknesses, in [6] the authors
proposed a cubic periodic array of two-layered spheres, made from low-loss, high-permittivity ceramics.
A “’brute force” search was carried out by varying the radii of the shell and core of the layered sphere
until a combination was found such that the real parts of €7y and p.ys both become negative over the
same frequency band.

In this work we have extended our theory developed in [1] for the analysis of infinite periodic arrays of
homogeneous magnetodielectric spheres to spheres with multiple dielectric and/or magnetic materials in
concentric layers. The spherical particles can have up to three layers, which offers greater flexibility in the
design of negative-index metamaterials. As described in [1], first we calculated the scattering coefficients
of the single sphere in a unit cell. Consequently, we retrieve the effective constitutive parameters €.
and fi. ¢ using the standard transmission line method. In the analytical process it is possible to separate
the array geometry from the element geometry. As a result, we only need to modify the element part due
to the change introduced by the new three-layer sphere geometry. The parametric optimizer in Matlab
was implemented to search for a combination of material and geometric parameters that results in a
negative-index behavior over a frequency range.
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2. Analysis

A single element of an infinite 2D array is shown in Fig.1. It consists of three concentric layers with
radii a;, 7 = 1,2, 3. Each layer is made up of material specified by relative permittivity and permeability
(€ri, Wri). The analysis for an infinite planar array of uniform magnetodielectric spheres developed in
[1] directly applies here except for the part that evaluates scattering coefficients of the TFE" and T'M"
modes, al,,,, bl ., respectively, with (n, m) being spherical harmonics indices. In this case the total field

inside the sphere E’ and the scattered field E" are represented in terms of vector spherical harmonics
M,,,,, and N,,,,, as follows:
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Here, with exp(—iwt) time dependence, the radial dependence of M, (), Ny, () is given by spheri-
cal bessel functions j, (), while for M}t (x), N\ (x),and M, (), N,,,,,(z) the radial dependence is
given by the spherical Hankel functions hg) (z)and hﬁf) (z) representing the spherical waves propagating
in positive and negative radial directions, respectively.

To solve for the expansion coefficients a,,, bpn, in (1)-(4), we apply the following boundary conditions:
#fx El(a;) = # xE%(a1), ? x E?(a2) = £ x E3(a2), and # x E3(a3) = # x E"(a3) + 1 x E™¢(a3). The
total incident field on the reference element (p, ¢) = (0,0) is E"¢(a3) = E{*(a3) + > pa£(0,0)Epg(as)
where the first term on the right hand side represents the plane wave incident on the reference element
while the second term is the incident field on the reference element scattered from other array elements.
Similar expressions and boundary conditions hold for the H field. These boundary conditions yield a
system of inhomogeneous equations for the expansion coefficients in (1)-(4).

3. Results

The T'E™ mode (magnetic) resonance occurs when the denominator of a;,,,, vanishes, and similarly the
TM" mode (electric) resonance occurs when the denominator of b;,,,, vanishes. Magnetic resonances
are dictated by the zeros of the nth order spherical Bessel functions while the electric resonances are
governed by the zeros of the derivative of the spherical Bessel function of order n. For a sphere made
up of homogeneous magnetodielectric material, the first electric resonance is always below the first
magnetic resonance. When the magnetic and electric resonances occur at the same frequency, the doubly
negative zone, where both effective constitutive parameters €. ¢y and ji. sy are negative, lies in the region
slightly beyond the resonance line. The main objective of this work is to increase the number of sphere
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parameters which give us more flexibility in search for geometrical and material configurations that will
align magnetic and electric resonances. Dielectric only materials are desirable since they produce low-
loss, negative-index metamaterials. In the presentation it will be shown that it is possible to produce
electric and magnetic responses at the same frequency using dielectric materials only. As a simple
example, Figure 2 shows a plot of the effective €, and u, vs. frequency for the metamaterial composed
of a single planar layer of spheres with a copper core and two dielectric shells. The parameters of the
sphere element are also provided in Figure 2. We observe that the index of refraction is negative in the
region 2.9 to 3.2 GHz, thus yielding the bandwidth of approximately 10%.
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Fig. 1: A three-layered sphere Fig. 2: Effective €, and u, for planar array of
spheres with a copper core and two dielectric
shells, n=1 spherical harmonic considered

4. Conclusion

We have developed a method for determining the effective constitutive parameters .7y and p.rr of a
planar array of multi-layer concentric spheres, thus offering greater flexibility to search for negative index
configurations as a function of frequency. Higher order spherical multipoles have been included in the
analysis. The method is demonstrated in an example of single layer of spheres with a copper core and
two dielectric shells, exhibiting a negative index of refraction over 10% frequency bandwidth.
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